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Abstract — The quadratic Diophantine equation given by
5x2 —2y2 =27 is studied for determining its infinitely many

non-zero integral solutions. A few interesting properties among its
solutions are given. Also, knowing an integral solution of the given
hyperbola, integer solutions for other choices of hyperbolas and
parabolas are presented. Also, employing the solutions of the
given equation, special Pythagorean triangle is constructed.

Index Terms — Binary quadratic, Hyperbola, Parabola, Pell
equation, Integral solutions.

1. INTRODUCTION
The hyperbola represented by the Diophantine equations of the
form ax® +by? = N,(a,b=0)are rich in variety and have
been analyzed by many mathematicians for their respective

integer solutions for particular values of a,band N . For an
extensive review, one may refer [1-16].

This communication concerns with the problem of obtaining
non-zero distinct integer solutions to the binary quadratic
equation 5x? —2y? =27 given by representing hyperbola. A
few interesting relations among its solutions are presented.
Knowing an integral solution of the given hyperbola, integer
solutions for other choices of hyperbolas and parabolas are
presented. Also, employing the solutions of the given equation,
special Pythagorean triangle is constructed.

2. METHOD OF ANALYSIS

The Diophantine equation under consideration is
5x? —2y% =27 1)
It is to be noted that (1) represent a hyperbola
Taking x=X+2T , y=X +5T (2)
in (1), it reduces to the equation,

X2=10T?+9 3)

The smallest positive integer solution (T,, X, ) of (3) is
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To obtain, the other solutions of (3), consider the Pellian
equation

X2=10T%+1 (4)
whose smallest positive integer solution is
T,=6 X,=19
The general solution ('I?n , )Zn) of (4) is given by,

)Zn + \/E'I?n = (19 + GJE)M, where n=012,... (5)
Since, irrational roots occur in pairs, we have,

X, ~ 10T, = 19~ 6v10)"™, wheren=01.2,... (6)
From (5) and (6) solving for (‘Fn, )Zn) we have,

X, = %[(19+6\/ET+1 +(19—6\/E)7+1} -1,

T, = ﬁ[(19+6\/ﬁ)ml —(19—6\/5)M} - ﬁg”

Applying Brahmagupta lemma between the solutions
(Ty, X, ) and (Tn,Xn), the general solution (T,,,;,X,,;) of (3)
is found to be

Thia = XoTh +To X,

7 2

T =g +of 7
n+l 2 (10 n 2 n ( )
X = XoX,, +10T,T, (8)

Using (7) and (8) in (2), we have
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2710 On ©))

Xna1 = Xpy1 + 2Ty =]-:I-fn +

17 55
Yo = Xpg +9T = E fn +mgn 10)

Thus, (9) and (10) represent the integer solutions of the
hyperbola (1)

A few numerical examples are given in the following Table 1

Table 1: Numerical Examples

: Xn+1 Yn+1

-1 11 17

0 413 653

1 15683 24797

2 595541 941633

3 22614875 3575725
Recurrence relations for X and y are:

Xpyg —38Xppo + Xy =0,n=-101,...

Yni3 _38yn+2 + Y = 0O,n=-101,....

2.1. Afew interesting relations among the solutions are given
below

o 12y, 19,1 + X442 =0

o 12y, + Xng —19%,,, =0

o 12y,,5 +19X,,; +721X,,, =0
o 456Y,,3+721Xp g —Xp3 =0
O 24y +Xnyy —Xp3 =0

o 456Y,.3+ 721X, —Xp3 =0
O Y2 —30Xq,, —19y,,, =0

O Yn—1140y,,, — 721y, =0
o 19y,3-30%y,; —12y,,3 =0
o 12y, +721%,,5 —19X,,3 =0
o 12y, +19%y,5 —Xn3=0

o 12y,.3+Xpo —19%,,5=0

O Yniz —30%n2 =19y, =0
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o 19y, +1140x,,, —19y,,5 =0
o 721y,,53—1140X,,» — Y1 =0
O 19¥p;3 —=30%p3 = Yy =0

O Y3~ 121yn5 +12y,,, =0

o 30%n3 — 721y, +12y,,, =0

2.2. Each of the following expression represents a cubic

integer

o 514 [2612X5,,,5 — 68%gp,4 + 7836X,,,1 — 204X,,,, |

1

o @[99188x3n+3 — 68Xg,,5 + 297564X,,,; — 204X,,.5]
1

o E[lloxsms —68Y3n.3 +330%Xq,1 — 2041

0 £r5l4130%,5 ~ 685, +12890%,.; 204y,,.]

1
© Toss [156830X3,,3 — 68355 +470490X,,; — 204y, 5]

o 3—;4[99188x3n+4 26124, + 297564X,,, — 7836%,,5]

. 5_13[110x3n+4 _ 2612Y,,.5 +330x,., - 7836y, ]

o 2—17 [4130x3,,4 — 2612Y3,,5 +12390X,,, — 7836Y,,, |

o % [156830X3,, 4 — 2612y3,.5 +470490X,,., — 7836Y,,5]

o L[110x3n+5 —99188ys,,5 +330X,,3 — 297564y, ]

19467

° $[4130X3n+5 —99188Y3,4 +12390X3,,; — 207564Y,,,, |

1

o 5[156830x3m5 —'99188Ys,,,5 + 470490X,,5 — 297564y, .5

1

o oA [110 Yania — 4130y3n+3 + 330yn+2 —12390 yn+1]

810
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o Wlso[my?’"*s ~156830Y3y, + 330Y.; ~470490y,,,] 1 2118690x,,,., —50883444y,,,5
* (513)| +4(4130x,,, —99188y, , )} —526338
o %[4130;/3“5 ~156830y3,,4 +12300y,,5 ~156830y,,,] 1 4234410%,,5 —2678076Y,,.¢
~ (27)° | +4(156830x,,, —99188y, ., | —1458
2.3. Ejggra?i]:: the following expression represents a bi- 1 {89100y4n+5 —3345300y,,,, }
13. . ,
L [274197312x, , — 7138368, ., (810) | +4(- 4130y, , +110y,,, )’ 1312200
P—
(324) | +4(2612x, ., —68x,,,, )’ — 209952 . 385800Y,,,; — 4827227400y,
14. = |+ 4(-156830y,,, +110y, )
1221202656, —837216X,, (30780 " n
o L |, a0188x ., —68x ) ~HO4B1080
~ (12312) o 3345300y, , —127032300
—303170688 15 1 Yinse Yinss
(810)° | +4(-156830y, ., + 4130y, , )} —1312200
1 |:2970X4n+4 —1836Y,.4 }
3. ——
(27)2 +4(110Xn+1_68yn+1)2 —1458 2.4. Each of the following expression represents a quintic
integer
" % |:2118690X4n+4 - 34884 2’4n+5 j| . 1 274197312X5n+5 _ 7138368X5n+6
(513)" | +4(4130x,,, —68Y,,, )’ ~526338 (324 | +5(2612x,,, —68x, ,, | — 4231440, , +35691840x, ,
3044249460x,,,, —1323756Y,, .
. (194167)2 +4(156830x_, ~68x_ . , 15035447100672X, —31030783392x5n+7
757008178 . = +5(99188x,,, —68X,,;)
— 75177235503360x, ,, +51539016960x
1 [32136912x,,.. —846288Xx,
6.
(324) | +4(99188x,,, — 2612X,,,)* — 209952 1 [80190x,,,. —49572y,. ]
_ (A7) 3
1 [56430x,, , —1339956y, ., } (27)°| +5(110x,,, — 68y, ., )’ —400950x,,, + 247860y, |
7.
513) | +4(110x,,, — 2612y, ,,)* —526338 ] ]
(513)° |+ 4l110x,,, V) o 1 [1086887970x, . 17895492y, . +5(4130x ., 68y, , )
1 [111510x4n+5 —70524y,, .. (513)° | ~5434439850x,,, +89477460y,,, |
8.
(27) | +4(4130x,,, - 2612y, ,, | —1458
i i 59432938077870X,, .. — 25769558054y .-
o L {80453790X4n+5 —1339956>;m+6 } . —(194167)3 +5(156830x,,, —68x, )’
(513)" | +4(15830x,,, — 2612y,., )’ 526338 —29716469038935x, +128847790260Y, .

1 [2141370x,,,, —1930892796y,,.,
10 ——
(19467)° | +4(110x,,, —99188y, , )} — 757928178
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10412359488x, ., — 274197312X, .,
1

o —|+5(99188x,,, —2612x, )
(324)
—52061797440x, ., +1370986560x,, .,

n+2

. 1 |28948590x,,,, — 687397428y, . +5(110x,,, - 2612y, )’
(513)° | ~144742950x, + 3436987140y, ,

n+2

. 1 |3010770x,, ., —1904148y, ., +5(4130x,,, — 2612y, , )’
(27)°| -15053850x, ,, + 9520740y, ,,

n+2

41272794270x,, , — 687397428y, .

3
5137 +5(156830x,,, — 2612y, )
—206363971350x, ,, + 3436987140y, ,

(4168604979x,,, —3758869008732y;,.5)

. (194167)3 +5(110x,,, — 99188y, ., )’
—(20843024880x,.,, +187943445@98660y,., )

(26316%;,,, — 2610320672y, )

+5(4130x,,,, —99188y,,, )’
— (5434439854, +13051603380y, ., )

1
(513)°

(114329070, — 72308052y;.,) |

+5(156830x,,, —99188y, .’
—571645350x ., + 3615402060y, .

n+3

(7217100y,,., — 270969300y, ) |

. oy +5(110y,,, — 4130y, ,
—36085500Y, ,, + 3548465000y, ,

10421492400y, — 1485820593200y, .

. 1 3 +5(110yn+3 _:I-56830]n+3)3
(307807 _ 55107462000y, + 7429102968000y, .,
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(2709693007, —10289616300y;, )

3
W +5(4130y,,, —156830y,,,)
—1354846500y,, ., + 51448081500y,

. Each of the following expressions is a Nasty number

514[15672x2n+2 — 408X, ., +3888]

L [595128x,,,, — 408X

12312

2—17[660x2n+2 —408y,, ., +324]

4 +147744]

2n+

% [24780x,,,, — 408y, . +6156]

1
——1940980x,,.,., —408 + 233568
19467 [ 2n+2 y2n+4 ]

1

i [595128X,,,, —15672X,,,, +3888]

2n+

% [660x,,,, —15672y,, , +6156]

5
1
- [24780x,,,, 15672y, ., +324]

1
5 [940980x,, ., —15672y,_ ., +6156]

Lt [660x,,,, —595128y,, ., +233604]

19467

1
RE [24780x,, ., —595128y,, , + 6156]

2—17 [940980x,, ., —595128y, ., +324]

1 [-24780y,, ., +660y,, ., +9720]

810

1
——1—940980 + 660 + 369360
30780 [ y2n+2 y2n+4 ]
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. B [-940980y,, ., +24780y,, ., +9720]
810
2.6. Remarkable observation

Employing linear combinations among the solutions of (1), one
may generate integer solutions for other choices of hyperbola
which are presented in Table 2: below.

Table 2: Hyperbolas

Hyperbolas (X1,Yn)

1] 10x2-Y2 =4199040 2612041~ 68%n42,
220X,9 —8260%11

2 | 10X2 -Y.2 =606341376( | (99188%y,1~68%n,3,
220%p,,.3 —313660%41

3 10X 2 —Y.2 = 23040 110x,,,, —68Y,.1,
ZZOYn+l _340Xn+1

220y, , —13060x

n+1

4 | 10X2 —Y.2 =10526760 (4130xn+1—68yn+2, J

5 | 10x2-Y?2=1515856356 [12522830Xn+14 ;569823”3, ]
Yn+3— Xn+1

6 | 10X2-Y2 =4199040 99188y, — 2612%,,3,
8260%p,,3 —313660%p,.2

7| 10X2-Y? =10526760 | [110n+2-261%n.1,
826041 -340¢:2

8 10X 2 —Y,2 = 29160 [4130<n+2*2612)’n+2,j
826042 —13060(,42

ISSN: 2454-6410

10X 2 —Y,2 = 2624000

810yn,3 —156830yn,,
495940y,,,, —13060y,,,3

9 | 10X2-Y2 =1052676C | (156836n.2 26123,
8260y,4.3 — 49594842

10| 10x2-Y2 =1515856356 110043 - 9918341,

31366041 — 340143

111 10X 2 -Y,2 =10526760 | (4130n+3-99188n41,
31366042 — 1306043

12 1OX§ _Yn2 — 29160 15683013 — 99188/, 3,
31366Q/,3 — 49594043

131 10x2-Y2 =2624400¢ 110y,,, —4130y,,.4,
13OGOYn+l _34Oyn+2

14| 10x2-v2 =3789633600 | (110y,, ;3 —156830Y,,;,
495940y, ., — 340y, 5

15

|

Employing linear combinations among the solutions of (1), one
may generate integer solutions for other choices of parabola
which are presented in Table 3: below

Table 3: Parabolas

Parabolas

(Xn.Yn)

3240X,, — Y2 =419904C

2612X2n+2 - 68X2n+3 + 648,
220X, 9 —8260Xp 41
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307800K, Y2 =37896336 3({110¥2n+4 ~1568302n+2 +6156°]
4959401 ~340n+3

15 8100X , _Ynz =262400C [810y2n+4 -15683¥2n+3 +1620]

495940, 2 —13060/43

2 12312Kp *Ynz —606341376( [99188Xon, 2 —68Xon,4 + 24624,
220%;,,.3 — 3136601
3 | 270X, -Y2=230402916( (110xpn.2 —68Y2n.2+54,
220yn3 —340%n41
4 | 5130, -Y,2 =1052676C 413002 — 68y2n+3 +1026
220y54.2 ~1306041
5 194670, — V{2 =1515856356 15683&on+2 —68yont4 +38928
220yp43 — 495946441
6 3240Xp, — Y2 = 419904¢ 99188&nn43 —26120n44 +648
826043 — 31366(,1.2
7| 5130X, -Y;2 =1052676( (11®<2n+372612mn+2+1026J
8260/n.41 - 3402
8 270X, —Y,2 = 29160 4130043~ 2612043 +54,
8260y42 —1306042
9 | 5130X,-Y?2 =1052676( | (1568302n.3 ~261%/2n+4 +1026
8260yn43 — 49594642
10 110xon44 — 991882042 +3834
194670X,, Y/ =15158563560 | | 31366011 - 340,53
11| 5130, -Y2 =1052676C | [41302n+a—991882n+2+1026
3136642 —1306013
12 270X, _Yn2 —29160 156830414 —99188/72n,4 + 54,
31366Qy,3 —49594%n43
13 | 100X, Y2 = 2624400( [llOYzms - 413072142 +1620j
13060/n41 - 340yn2
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2.7.

Consider p=X+Y,q=Y .Observethat p ¢ q ¢ O. Treat
pP,q as the generators of the Pythagorean triangle

T(a. B.7),

a=2pq, f=p°-q" y=p°+q°
Then the following interesting relations are observed:

a) Y-5X+4Z =27

B S =Xy

n+l

c) 3(X — %) is a Nasty number

d) Z — Xisa Perfect square
2.8. Note:
Instead of (2) , we replace X by X=X —2T and y by
y=X-5T (12)
Applying Brahmagupta lemma between the solutions
(TO, XO) and ('I:, )Zn) the general solution (T,Hl, Xn+l) of
(3) is found to be
Using (7) and (8) in (11), we have

3 6
Xog = Xn+ _2Tn+ =5 fn +——/—=20, (12)
1 1 1 2 2 10 g
3 15
=X,,-5T ,=—f ——— 13
yn+1 n+1 n+1 2 n 2\/@ gn ( )

Thus, (12) and (13) represent the integer solutions of the
hyperbola (1)

A few numerical examples are given in the following Table 4

©EverScience Publications 6
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Table 4: Numerical Examples

n Xoa Yoa
-1 3 -3

0 93 -147

1 3531 -5583
2 134085 -212007

3. CONCLUSION

In this paper, we have presented infinitely many integer
solutions for the Diophantine equations represented by
hyperbola is given by 5x? — 2y? = 27 . As the binary quadratic

Diophantine equations are rich in variety, one may search for
the other choices of equations and determine their solutions
among the suitable properties.
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