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Abstract – The quadratic Diophantine equation given by  

2725 22  yx  is studied for determining its infinitely many 

non-zero integral solutions. A few interesting properties among its 

solutions are given. Also, knowing an integral solution of the given 

hyperbola, integer solutions for other choices of hyperbolas and 

parabolas are presented. Also, employing the solutions of the 

given equation, special Pythagorean triangle is constructed. 

Index Terms – Binary quadratic, Hyperbola, Parabola, Pell 

equation, Integral solutions. 

1. INTRODUCTION 

The hyperbola represented by the Diophantine equations of the 

form  0,,22  baNbyax are rich in variety and have 

been analyzed by many mathematicians for their respective 

integer solutions for particular values of ba, and N . For an 

extensive review, one may refer [1-16].  

This communication concerns with the problem of obtaining 

non-zero distinct integer solutions to the binary quadratic 

equation 2725 22  yx  given by representing hyperbola. A 

few interesting relations among its solutions are presented. 

Knowing an integral solution of the given hyperbola, integer 

solutions for other choices of hyperbolas and parabolas are 

presented. Also, employing the solutions of the given equation, 

special Pythagorean triangle is constructed. 

2. METHOD OF ANALYSIS 

The Diophantine equation under consideration is                                                                                                                

2725 22  yx                                                       (1) 

It is to be noted that (1) represent a hyperbola 

Taking  TXx 2  , TXy 5                          (2) 

in (1), it reduces to the equation,  

  910 22  TX                                       (3)  

The smallest positive integer solution  00 , XT  of (3) is 

  
20 T

, 
70 X

 

To obtain, the other solutions of (3), consider the Pellian 

equation 

  110 22  TX                                       (4) 

whose smallest positive integer solution is 

6
~
oT

, 
19

~
0 X

 

The general solution  nn XT
~

,
~

 of (4) is given by, 

  1
12619

~
10

~ 


n

nn TX , where ,...2,1,0n           (5) 

Since, irrational roots occur in pairs, we have, 

  1
10619

~
10

~ 


n

nn TX , where ,...2,1,0n           (6) 

From (5) and (6) solving for  nn XT
~

,
~

 we have, 

    n

nn

n fX
2

1
1061910619

2

1~ 11







 


 

    n

nn

n gT
122

1
1061910619

102

1~ 11







 


 

  Applying Brahmagupta lemma between the solutions 

 00 , XT  and  nn XT
~

,
~

, the general solution  11,  nn XT  of (3) 

is found to be 

nnn XTTXT
~~

001   

 nnn fgT
2

2

102

7
1                                     (7) 

nnn TTXXX
~

10
~

001                                        (8) 

Using (7) and (8) in (2), we have 
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nnnnn gfTXx
102

34
112 111                                (9) 

nnnnn gfTXy
102

55

2

17
5 111  

     (10) 

Thus, (9) and (10) represent the integer solutions of the 

hyperbola (1) 

A few numerical examples are given in the following Table 1 

Table 1: Numerical Examples 

n  
1nx  1ny  

-1 11 17 

0 413 653 

1 15683 24797 

2 595541 941633 

3 22614875 3575725 

Recurrence relations for x and y are:

,...1,0,1,038 123   nxxx nnn  

,....1,0,1,038 123   nyyy nnn  

2.1.  A few interesting relations among the solutions are given 

below 

o 01912 211   nnn xxy  

o 01912 212   nnn xxy  

o 07211912 213   nnn xxy  

o 0721456 313   nnn xxy  

o 024 312   nnn xxy   

o 0721456 323   nnn xxy   

o 01930 112   nnn yxy   

o 07211140 113   nnn yyy   

o 0123019 313   nnn yxy   

o 01972112 321   nnn xxy   

o 01912 322   nnn xxy   

o 01912 323   nnn xxy   

o 01930 223   nnn yxy   

o 019114019 321   nnn yxy   

o 01140721 123   nnn yxy   

o 03019 133   nnn yxy   

o 012721 123   nnn yyy  

o 01272130 123   nnn yyx   

2.2. Each of the following expression represents a cubic 

integer 

o  214333 2047836682612
324

1
  nnnn xxxx  

o  315333 2042975646899188
12312

1
  nnnn xxxx

               

 

o  113333 20433068110
27

1
  nnnn yxyx  

o  214333 204`12390684130
513

1
  nnnn yxyx  

o  315333 20447049068156830
19467

1
  nnnn yxyx

 

o  325343 7836297564261299188
324

1
  nnnn xxxx

 

o  123343 78363302612110
513

1
  nnnn yxyx  

o  223343 78361239026124130
27

1
  nnnn yxyx  

o  325343 78364704902612156830
513

1
  nnnn yxyx

 

o  133353 29756433099188110
19467

1
  nnnn yxyx

 

o  2334353 29756412390991884130
513

1
  nnnn yxyx

 

o  333353 29756447049099188`156830
27

1
  nnnn yxyx

 

o  123343 123903304130110
810

1
  nnnn yyyy  
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o  133353 470490330156830110
30780

1
  nnnn yyyy

 

o  234353 156830123901568304130
810

1
  nnnn yyyy

 

2.3. Each of the following expression represents a bi-

quadratic 

1. 
    




















2099526826124

7138368274197312

324

1
2

21

5444

2

nn

nn

xx

xx
 

2. 
 

 


























303170688

68991884

8372161221202656

12312

1 2

31

6444

2 nn

nn

xx

xx

 

3. 
    




















1458681104

18362970

27

1
2

11

4444

2

nn

nn

yx

yx
 

4. 
    




















5263386841304

348842118690

513

1
2

21

5444

2

nn

nn

yx

yx
 

5. 
 

 


























757928178

681568304

13237563044249460

19467

1 2

31

6444

2 nn

nn

xx

yx

 

6. 
    




















2099522612991884

84628832136912

324

1
2

32

6454

2

nn

nn

xx

xx
 

7. 
    




















52633826121104

133995656430

513

1
2

12

4454

2

nn

nn

yx

yx
 

8. 
    




















1458261241304

70524111510

27

1
2

22

5454

2

nn

nn

yx

yx
 

9. 
    




















5263382612158304

133995680453790

513

1
2

32

6454

2

nn

nn

yx

yx
 

10. 
    




















757928178991881104

19308927962141370

19467

1
2

13

4464

2

nn

nn

yx

yx

 

11. 
    




















5263389918841304

508834442118690

513

1
2

23

5464

2

nn

nn

yx

yx
 

12. 
    




















1458991881568304

26780764234410

27

1
2

33

6464

2

nn

nn

yx

yx
 

13. 
    




















131220011041304

334530089100

810

1
2

21

4454

2

nn

nn

yy

yy
 

14. 
 

 


























1894816800

1101568304

4827227400385800

30780

1 2

31

4464

2 nn

nn

yy

yy

 

15. 
    




















131220041301568304

1270323003345300

810

1
2

32

5464

2

nn

nn

yy

yy

 

2.4. Each of the following expression represents a quintic 

integer 

 
    




















21

3

21

6555

3
3569184042314406826125

7138368274197312

324

1

nnnn

nn

xxxx

xx

 

 
 

 




























31

3

31

7555

3

0515390169633607517723550

68991885

103078339206721503544710

12312

1

nn

nn

nn

xx

xx

xx

 

 
    




















11

3

11

5555

3
247860400950681105

4957280190

27

1

nnnn

nn

yxyx

yx

 

 
 

 





















21

3

216555

3
894774605434439850

6841305178954921086887970

513

1

nn

nnnn

yx

yxyx

 

 
 

 




























31

3

31

7555

3

60128847790289352971646903

681568305

4257695580578705943293807

19467

1

nn

nn

nn

yx

xx

yx
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 
 

 




























32

3

32

7565

3

137098656005206179744

2612991885

27419731281041235948

324

1

nn

nn

nn

xx

xx

xx

 

 
 

 





















12

3

125565

3
3436987140144742950

2612110568739742828948590

513

1

nn

nnnn

yx

yxyx

 

 
 

 





















22

3

226565

3
952074015053850

26124130519041483010770

27

1

nn

nnnn

yx

yxyx

 

 
 

 




























32

3

32

7565

3

3436987140502063639713

26121568305

68739742804127279427

513

1

nn

nn

nn

yx

yx

yx

 

 
 

 

 

 



























13

3

13

5575

3

2986601879434450502084302489

991881105

9732375886900504168604979

19467

1

nn

nn

nn

yx

yx

yx

 

 
 

 

 

 



























23

3

23

6575

3

6013051603385434439850

9918841305

22610320677263169

513

1

nn

nn

nn

yx

yx

yx

 

 
 

 

 




























33

3

33

7575

3

3615402060571645350

991881568305

72308052114329070

27

1

nn

nn

nn

yx

yx

yx

 

  

 

 




























12

3

12

5565

3

354846500036085500

41301105

2709693007217100

810

1

nn

nn

nn

yy

yy

yy

 

 
 

 




























11

3

33

5575

3

60007429102968005210746200

1568301105

72001485820593001042149240

30780

1

nn

nn

nn

yy

yy

yy

 

 
 

 

 




























23

3

23

6575

3

00514480815001354846500

15683041305

0010289616302709693000

810

1

nn

nn

nn

yy

yy

yy

 

2.5. Each of the following expressions is a Nasty number 

 ]388840815672[
324

1
3222   nn xx  

  147744408595128
12312

1
4222   nn xx  

  324408660
27

1
2222   nn yx  

  615640824780
513

1
3222   nn yx  

  233568408940980
19467

1
4222   nn yx  

  388815672595128
324

1
4232   nn xx  

  615615672660
513

1
2232   nn yx  

  3241567224780
27

1
2232   nn yx  

  615615672940980
513

1
4232   nn yx  

  233604595128660
19467

1
2242   nn yx  

  615659512824780
513

1
3242   nn yx  

  324595128940980
27

1
4242   nn yx  

  972066024780
810

1
3222   nn yy  

  369360660940980
30780

1
4222   nn yy  
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  972024780940980
810

1
4232   nn yy  

2.6. Remarkable observation 

Employing linear combinations among the solutions of (1), one 

may generate integer solutions for other choices of hyperbola 

which are presented in Table 2: below. 

Table 2: Hyperbolas 

S. 

N

o 

Hyperbolas  nn YX ,  

1 419904010 22  nn YX
 






















12

21

8260220

,682612

nn

nn

xx

xx
 

2 606341376010 22  nn YX  






















13

31

313660220

,6899188

nn

nn

xx

xx
 

3 2304010 22  nn YX  




















11

11

340220

,68110

nn

nn

xy

yx
 

4 1052676010 22  nn YX

 



















12

21

13060220

,684130

nn

nn

xy

yx
 

5 0151585635610 22  nn YX  






















13

31

495940220

,68156830

nn

nn

xy

yx
 

6 419904010 22  nn YX  






















23

32

3136608260

,261299188

nn

nn

xx

xx
 

7 1052676010 22  nn YX  


















234018260

,126122110

nxny

nynx
 

8 2916010 22  nn YX  


















21306028260

,2261224130

nxny

nynx
 

9 1052676010 22  nn YX  


















249594038260

,326122156830

nxny

nynx
 

10 0151585635610 22  nn YX  


















33401313660

,1991883110

nxny

nynx
 

11 1052676010 22  nn YX  


















3130602313660

,19918834130

nxny

nynx
 

12 2916010 22  nn YX  


















34959403313660

,3991883156830

nxny

nynx
 

13 2624400010 22  nn YX  




















21

12

34013060

,4130110

nn

nn

yy

yy
 

14 0378963360010 22  nn YX  




















31

13

340495940

,156830110

nn

nn

yy

yy

 

15 262400010 22  nn YX  






















32

23

13060495940

,156830810

nn

nn

yy

yy

 

Employing linear combinations among the solutions of (1), one 

may generate integer solutions for other choices of parabola 

which are presented in Table 3: below 

Table 3: Parabolas 

S.

N

o 

Parabolas  nn YX ,  

1 419904023240  nYnX  






















12

3222

8260220

,648682612

nn

nn

xx

xx
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2 60634137602123120  nYnX

 






















13

4222

313660220

,246246899188

nn

nn

xx

xx

 

3 2304029160270 2  nn YX

 























11

2222

340220

,5468110

nn

nn

xy

yx
 

4 105267605130 2  nn YX  


















1130602220

,10263268224130

nxny

nynx

 

5 015158563562194670  nYnX  


















14959403220

,38928426822156830

nxny

nynx

 

6 419904023240  nYnX  


















231366038260

,6484226123299188

nxnx

nxnx
 

7 105267605130 2  nn YX

 



















234018260

,102622261232110

nxny

nynx
 

8 29160270 2  nn YX  


















21306028260

,54322612324130

nxny

nynx
 

9 105267605130 2  nn YX  


















249594038260

,102642261232156830

nxny

nynx

 

10 

 

01515856356194670 2  nn YX

 



















33401313660

,3834229918842110

nxny

nynx

 

11 105267605130 2  nn YX  


















3130602313660

,10262299188424130

nxny

nynx

 

12 29160270 2  nn YX  


















34959403313660

,54429918842156830

nxny

nynx

 

13 262440008100 2  nn YX  


















2340113060

,162022413032110

nyny

nyny
 

14 03789633600307800 2  nn YX

 



















33401495940

,615602215683042110

nyny

nyny

 

15 26240008100 2  nn YX  


















3130602495940

,16203215683042810

nyny

nyny

 

2.7.  

Consider yqyxp  ,  .Observe that 0 qp . Treat 

qp,
 

as the generators of the Pythagorean triangle 

  ,,T , 

pq2 , 
22 qp  , 

22 qp   

Then the following interesting relations are observed: 

a) 2745  ZXY  

b) 11.
2

 nn yx
P

A
 

c) 









P

A
X

4
3  is a Nasty number   

d) XZ  is a Perfect square 

2.8. Note : 

Instead of (2) , we replace x  by TXx 2 and y  by 

TXy 5
                                                                      (11) 

Applying Brahmagupta lemma between the solutions 

 00 , XT  and  nn XT
~

,
~

, the general solution  11,  nn XT  of 

(3) is found to be               

Using (7) and (8) in (11), we have 

nnnnn gfTXx
102

6

2

3
2 111  

  

(12)

nnnnn gfTXy
102

15

2

3
5 111           (13) 

Thus, (12) and (13) represent the integer solutions of the 

hyperbola (1) 

A few numerical examples are given in the following Table 4 
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Table 4: Numerical Examples 

n  
1nx

 1ny
 

-1 3 -3 

0 93 -147 

1 3531 -5583 

2 134085 -212007 

3. CONCLUSION 

In this paper, we have presented infinitely many integer 

solutions for the Diophantine equations represented by 

hyperbola is given by 2725 22  yx . As the binary quadratic 

Diophantine equations are rich in variety, one may search for 

the other choices of equations and determine their solutions 

among the suitable properties. 
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